Abstract. A general problem in complex cobordism theory is to find useful representatives for cobordism classes. One particularly convenient class of complex manifolds consists of smooth projective toric varieties. The bijective correspondence between these varieties and smooth polytopes allows us to examine which complex cobordism classes contain a smooth projective toric variety by studying the combinatorics of polytopes. These combinatorial properties determine obstructions to a complex cobordism class containing a smooth projective toric variety. However, the obstructions are only necessary conditions, and the actual distribution of smooth projective toric varieties in complex cobordism appears to be quite complicated. The techniques used here provide descriptions of smooth projective toric varieties in low-dimensional cobordism.
Introduction
In 1958, Hirzebruch posed the following question regarding complex cobordism [15] .
Question 1.1. Which complex cobordism classes can be represented by connected smooth algebraic varieties?
Practically no progress has been made on this difficult problem. The best that has been achieved is an understanding of complex cobordism representatives which display some of these properties. For example, Milnor demonstrated that each complex cobordism class can be represented by a smooth not necessarily connected algebraic variety [28, Chapter VII] . In 1998, Buchstaber and Ray addressed a toric version of Hirzebruch's question. They demonstrated that every complex cobordism class can be represented by a topological generalization of a toric variety called a quasitoric manifold [4, 6] . These representatives are smooth and connected, but they are not algebraic varieties.
Another way of approaching Hirzebruch's question could be to focus on a more specific collection of connected smooth algebraic varieties and study their cobordism classes. In particular, smooth projective toric varieties display a convenient combinatorial structure which aids in computations, including complex cobordism computations. It would seem reasonable to expect that the additional structure of smooth projective toric varieties would make the following question easier to answer than Hirzebruch's original question.
Question 1.2. Which complex cobordism classes can be represented by smooth projective toric varieties?
Answering this question would at least give some information regarding Hirzebruch's original question, since these algebraic varieties are all smooth and connected. Unfortunately, even this simpler question seems to have a complex and nuanced answer. In what follows, we will examine Question 1.2 in low-dimensional cobordism. A complete description of cobordism classes containing smooth projective toric varieties will be provided up to dimension six. Describing smooth projective toric variety representatives in dimensions eight and higher is already significantly more complicated, so only partial descriptions will be provided in these dimensions.
The cobordism of smooth projective toric varieties will be studied by examining certain properties of convex geometric objects like fans and polytopes that are associated to the toric varieties. Section 2 will provide a brief introduction to the material involving complex cobordism and toric varieties that is needed to approach Question 1.2.
One well-known obstruction to a cobordism class containing a smooth toric variety is its Todd genus. More specifically, the Todd genus of a smooth toric variety must equal one [17] . In the case of smooth projective toric varieties, this is just one of several obstructions that arise from the combinatorial structure of the corresponding polytopes. In Section 3, we discuss these more generalized combinatorial obstructions.
In Section 4, we determine the obstructions to a cobordism class containing a smooth projective toric variety in Ω U 2 and Ω U 4 . In these dimensions, the combinatorial restrictions happen to be the only obstructions.
In Section 5, we examine this representation problem in Ω U 6 . In this dimension, there are additional obstructions to a cobordism class containing a smooth projective toric variety. A classification theorem for smooth polyhedra and an explicit construction will be used to describe all complex cobordism classes in this dimension that contain a smooth projective toric variety.
In Section 6, we examine Question 1.2 in Ω U 8 . The results in this dimension are much more complicated, so only a partial description can be provided. As in Ω U 6 , there are additional obstructions besides those arising from the combinatorial structure of smooth projective toric varieties. However, if certain parameters are chosen to provide sufficient freedom (more specifically, by choosing smooth projective toric varieties whose associated polytopes have specified g-vectors), then these combinatorial obstructions are the only obstructions in Ω U 8 . Section 7 presents some final thoughts on how these partial answers to Question 1.2 could be generalized and improved. Approaching this problem from several different angles could potentially provide more complete results in the future.
Background
In order to understand the role that smooth projective toric varieties play in complex cobordism, we must first establish some basic facts and techniques regarding each of these. from the K-theory of a manifold to its rational cohomology ring. For certain choices of virtual bundles in K-theory, this homomorphism reveals information about the Chern numbers of complex cobordism classes. This relation is given by the Hattori-Stong Theorem. We will first fix some notation and terminology in order to more easily make use of this theorem. 
j , in terms of the elementary symmetric polynomials
is the k th exterior power of ξ. The Atiyah γ-functions are defined by the equation
where C dim ξ is the trivial complex bundle of dimension dim ξ.
Let ω be a partition of a nonnegative integer m ≤ n, where 2n is the dimension of a complex manifold M. Formally write the Chern class of M as c (M) = (1 + x 1 ) · · · (1 + x n ), and consider the symmetric function s ω (σ 1 , . . . , σ m ) from Definition 2.1, where σ 1 , . . . , σ m are the elementary symmetric polynomials in x 1 , . . . , x n . If we let γ k = γ k (τ M) denote the Atiyah γ-functions applied to the tangent bundle of M, then s ω (γ 1 , . . . , γ m ) is a virtual bundle in K (M). Applying the Chern character to this bundle yields a cohomology class chs ω (γ 1 , . . . , γ m ) ∈ H * (M; Q).
is the Todd class of M, and µ M is the fundamental class of M.
The K-theory Chern number κ ω [M] is a rational linear combination of Chern numbers, so it is a complex cobordism invariant. Hattori and Stong proved that possible Chern numbers in complex cobordism are completely determined by when these rational combinations have integer values [13, 27] . The following statement of their theorem is given in [7, Section 14] . In practice, using the Hattori-Stong Theorem to determine possible combinations of Chern numbers can be quite cumbersome. The following simple computation aids in this process. 
where σ k is the k th elementary symmetric polynomial, and e
Toric Varieties and Fans.
A toric variety is a normal variety that contains the torus as a dense open subset such that the action of the torus on itself extends to an action on the entire variety. Remarkably, there is a bijective correspondence between these algebraicgeometric objects and convex geometric objects like fans and polytopes. Refer to [11, 8, 5, 25] for more information about toric varieties, including the following well-known definitions and results.
Definition 2.6. A strongly convex rational polyhedral cone (referred to as a cone after this point) spanned by generating rays v 1 , . . . , v m ∈ Z n is a set of the form
A face of a cone pos (v 1 , . . . , v m ) is a cone that lies on the boundary of pos (v 1 , . . . , v m ) whose generating rays form a subset of {v 1 , . . . , v m }. The empty set corresponds to the face {0} of any cone. A fan Σ in R n is a simplicial complex of cones. That is, each face of a cone in Σ is also a cone in Σ, and the intersection of any two cones in Σ is a face of both cones. Theorem 2.7. There is a bijective correspondence between equivalence classes of fans in R n up to unimodular transformations and isomorphism classes of complex n-dimensional toric varieties.
As a result of this correspondence, many properties of toric varieties can be easily understood in terms of the combinatorics and geometry of the corresponding fans.
n is called complete if the union of its cones is R n . The fan is called regular if every maximal n-dimensional cone is spanned by generating rays that form an integer basis. Proposition 2.9. Consider a fan Σ in R n . The associated toric variety is compact if and only if Σ is complete. The toric variety is a smooth manifold if and only if Σ is regular.
Other topological characteristics that are difficult to compute for algebraic varieties in general are relatively straight-forward to determine for toric varieties. For example, the integer cohomology of toric varieties can be described in terms of the corresponding fans. Theorem 2.10. ( [9, 18] ) Let Σ be a complete regular fan in R n with generating rays v 1 , . . . , v m whose coordinates are given by v j = (λ 1j , . . . , λ nj ). For i = 1, . . . , n, set
Define L = (θ 1 , . . . , θ n ) to be the ideal generated by these linear polynomials. Also, define J to be the ideal generated by all square-free monomials
(The ideal J is the Stanley-Reisner ideal of the simplicial complex Σ.) The integral cohomology ring of the smooth toric variety X Σ associated to Σ is
Characteristic numbers of toric varieties can also be understood in terms of the corresponding fans. This is in part because of the following convenient property. . . . , v n ) is a maximal cone of a complete regular fan Σ in R n . As in the previous theorem, we also let each v k represent the corresponding cohomology ring generator. Then
If we consider a toric variety as a complex manifold, then its fan also determines a stable splitting of the tangent bundle corresponding to its standard complex structure. This allows the Chern class of a toric variety to be expressed in terms of the associated fan. 
2.3.
Polytopes and Projective Toric Varieties. Consider an n-dimensional lattice polytope P . Such a polytope can be used to obtain a complete fan as follows. First, let v k be a vector that is normal to a facet F k of P and pointing inwards. Repositioning all of these inward normal vectors at the origin and choosing their lengths so that they have relatively prime integer coordinates produces a fan called the normal fan of the polytope. The generating rays of the normal fan are the inward normal vectors, and a set of generating rays forms a cone in the fan if and only if the corresponding facets of P have a nonempty intersection. Refer to [5, 11, 8] for details about polytopes and their relation to toric varieties, including the following results.
Proposition 2.13. A toric variety is projective if and only if it corresponds to the normal fan of some lattice polytope.
This correspondence means that certain properties of projective toric varieties can be understood by studying characteristics of the associated polytopes. Definition 2.14. An n-dimensional lattice polytope P is called simple if exactly n-many edges meet at each of its vertices. A simple polytope is called smooth if at each of its vertices, the edges emanating from the vertex form an integer basis.
It is straight-forward to show that the normal fan to a smooth polytope is regular. This gives the following Proposition 2.15. A projective toric variety is a smooth manifold if and only if it corresponds to a smooth polytope.
The f -vector of a simple polytope P is f (P ) = (f 0 , . . . , f n−1 ), where f k is the number of faces of dimension n − k − 1 in P . Also set f −1 = 1 for any polytope. In subsequent sections, these combinatorial invariants will be used to reveal information about the complex cobordism of the corresponding smooth projective toric varieties.
There are several other useful ways of representing the information contained in the fvector. For example, the h-vector h (P ) = (h 0 , . . . , h n ) of P is defined by
The Dehn-Sommerville relations tell us that the h-vector of any simple polytope is symmetric, i.e. h k = h n−k for k = 0, . . . , n (see e.g. [5, Section 1.2] ). This means that all of the information about the number of faces of a simple polytope is actually contained in the first half of its h-vector. The g-vector g (P ) = g 0 , g 1 , . . . g ⌊n/2⌋ of P , defined by g 0 = 1 and
, therefore holds exactly the same information. In 1980, Stanley, Billera, and Lee provided conditions that describe exactly which vectors are the g-vectors of simple polytopes [26, 3] . We must introduce some additional notation in order to understand these conditions (see [5, Section 1.3] for details). Consider the unique binomial i-expansion of a positive integer a:
Given this expansion, define the integers
Theorem 2.16 (g-theorem). An integer vector g 0 , g 1 , . . . , g ⌊n/2⌋ is the g-vector of a simple n-polytope if and only if
2.4. Blow-ups. In order to construct smooth projective toric varieties in certain cobordism classes, it will be necessary to use an operation on toric varieties that preserves smoothness and projectivity. One such operation is the blow-up of a torus-equivariant subvariety.
Given a complex manifold M 2n with submanifold V 2k , the blow-up of M along V is found by choosing an open cover for V and applying the above construction locally on each open subset (and patching the resulting blow-ups together along the overlaps).
There is a map π : Bl V M → M such that π is an isomorphism except in neighborhoods of points in V . The restriction π| π −1 (V ) gives a fiber bundle over V with fiber CP n−k−1 . As a special case, if V is a point, then Bl V M is obtained by replacing a neighborhood of this point in M with CP n−1 . For toric varieties, blow-ups can also be understood in terms of associated operations on fans and polytopes.
Definition 2.18. (cf. [10, III.1]) Let τ be a cone in a fan Σ. Then the star of τ is stτ = {σ ∈ Σ|τ ⊂ σ}. The closed star stτ of τ is the simplicial complex induced from the cones in stτ . That is, stτ = {ϕ ∈ Σ|ϕ ⊂ σ for some σ ∈ stτ }. Definition 2.19. (cf. [10, III.2 and V.6]) Let Σ be a fan in R n , and let x ∈ R n be a vector that is contained in the interior of a cone τ ∈ Σ. The star subdivision (also called stellar subdivision) of Σ in the direction of x is the fan Σ\stτ ∪ x · stτ \stτ . The product in this definition indicates the inclusion of all cones of the form pos (x, t 1 , . . . , t j ), where pos (t 1 , . . . , t j ) ∈ stτ \stτ . The star subdivision is called a regular star subdivision relative to τ , which we will denote by Bl τ Σ, if x = t 1 + . . . + t k , where t 1 , . . . , t k are the generating rays of τ .
The star subdivision operation provides a way of obtaining new toric varieties from old ones. In fact, regular star subdivisions preserve several key properties of toric varieties. n that is normal to a simple n-polytope. Let τ ∈ Σ. Then the regular star subdivision Bl τ Σ is also a regular fan in R n that is normal to a simple n-polytope.
On the level of toric varieties, this proposition implies that if we start with a smooth projective toric variety, then taking a regular star subdivision of its associated fan produces a new fan which also corresponds to a smooth projective toric variety. In other words, smoothness and projectivity are preserved during regular star subdivisions. In fact, regular star subdivisions correspond to certain blow-ups of torus-equivariant subvarieties, which will justify the above notation.
Proposition 2.21. ([25, Section 1.7])
Let Σ be a complete regular fan in R n that is normal to an n-polytope. Let X Σ denote the associated smooth projective toric variety. For τ ∈ Σ, let X τ denote the toric subvariety of X Σ that is associated to the cone τ . Then X Blτ Σ = Bl Xτ X Σ . That is, the blow-up of X Σ along the subvariety X τ is a smooth projective toric variety whose associated fan is the regular star subdivision of Σ relative to τ .
It is also useful to study blow-ups of smooth projective toric varieties from the perspective of polytopes. On the level of polytopes, a star subdivision of a cone τ ∈ Σ corresponds to a truncation of the face of the polytope that is associated to τ . This allows us to compute the change in g-vector during blow-ups.
In order to facilitate these computations, it is useful to consider an alternate interpretation of the h-vector. Consider an n-polytope P , and choose a vector ν that is not perpendicular to any edge of P . Then ν gives a height function on P which in turn determines a directed graph on the edges and vertices of P . The index of a vertex of P relative to ν is defined to be the number of edges in this directed graph that point towards the vertex.
Lemma 2.22. (see [5, Section 1.2] for details) Given P and ν as described above, the number of vertices of P with index q is equal to h n−q . This is independent of the choice of ν.
This lemma allows us to compute changes of g-vectors during truncations of certain faces. Proposition 2.23. Let P be a smooth polytope of dimension three or greater with g-vector 1, g 1 , . . . , g ⌊n/2⌋ . Truncating a vertex of P (which corresponds to a star subdivision of a maximal cone in the normal fan) produces a new polytope with g-vector 1,
Proof. Truncating a vertex of an n-polytope P is accomplished by replacing the vertex with the simplex ∆ n−1 , where we attach each edge that met at the removed vertex to the n-many vertices of ∆ n−1 . If we choose the removed vertex as the source of the graph described in Lemma 2.22, then removing it decreases h 0 by one. We then must add the h-vector
. . ., 1 to account for the newly included facet. If (h 0 , . . . , h n ) is the h-vector of P , then the h-vector of the truncated polytope is (h 0 , h 1 + 1, h 2 + 1, . . . , h n−1 + 1, h n ). Thus the g-vector changes from g (P ) = 1, g 1 , . . . , g ⌊n/2⌋ to 1, g 1 + 1, g 2 , . . . , g ⌊n/2⌋ . Proposition 2.24. Let P be a smooth polytope of dimension four or greater with g-vector
. Truncating an edge of P produces a new polytope with g-vector
Proof. The proof is similar to that of Proposition 2.23. In this situation, the truncation of an n-polytope P is achieved by replacing the edge, including the vertices at each end, with a new facet ∆ n−2 × I, where I is the unit interval. We can compute the h-vector of this new facet to be h (∆ n−2 × I) = 1, 2,
The change in g-vector during a truncation only depends on the faces that are contained in the face being truncated. On the level of fans, this means that the change in g-vector during a star subdivision of the normal fan of a polytope only depends on the closed star stτ of the cone τ that is being subdivided. Since blow-ups only change a manifold locally, it is not surprising that the overall change in complex cobordism during a blow-up only depends on this closed star. Proposition 2.25. Let Σ be a regular fan in R n that is normal to a simple n-polytope. Let τ ∈ Σ. The change in complex cobordism when blowing up the toric variety X Σ along the subvariety X τ only depends on stτ .
Proof. In [29] , Ustinovsky provided an explicit formula for the change in complex cobordism upon blowing up a smooth toric variety along a subvariety. In particular, he showed that the resulting cobordism class is obtained by adding the cobordism class of a certain quasitoric manifold constructed over a multifan which only depends on characteristics of the closed star of the subdivided cone (see [5] for details about quasitoric manifolds and [14] for more on multifans). Thus the change in complex cobordism is completely independent of any cone that is not contained in this closed star.
Combinatorial Obstructions
Any complex smooth projective variety is also a Kähler manifold. Thus any such variety X has a Hodge structure, a decomposition
of its complex cohomology groups (see [12, Chapter 0 Section 7] for details). The Hodge numbers h p,q = h p,q (X) of such a variety are the dimensions of the groups H p,q (X). There is a convenient way of describing the Hodge numbers of a variety which will allow us to relate them to the complex cobordism of the variety. ) Let X be a complex smooth projective variety of complex dimension n. The χ y -genus of X is defined to be the degree n polynomial
where
In the 1950's, Hirzebruch demonstrated that the Hodge numbers provide information about a certain complex cobordism invariant called the generalized Todd genus. This is the genus corresponding to the formal power series Q (y, x) = x (y + 1) 1 − e −x(y+1) − yx, where y is an indeterminate [16, Section 1.8]. We must examine this construction in more detail.
Consider a stably complex manifold M 2n , and formally write its Chern class with rational coefficients as c (M) = n k=1
(1 + x k ). Then the symmetric function n k=1 Q (y, x k ) can be written in terms of these Chern classes:
where each T n is a homogeneous polynomial in the x k of degree n. Each of these polynomials can in turn be written in the form
where each T 
where 
is a polynomial in y whose coefficients are certain rational combinations of the Chern numbers of M. Since the complex cobordism class of a manifold is completely determined by its Chern numbers [22, 24] , the Hodge structure reveals some information about the complex cobordism of a complex smooth projective variety via the HirzebruchRiemann-Roch Theorem. More specifically, the χ y -genus imposes n+2 2 -many independent conditions on the Chern numbers of a manifold of complex dimension n [20] . Therefore exactly this many restrictions on Chern numbers arise from the Hodge structure of a complex smooth projective variety.
In the case of smooth projective toric varieties, the Hodge structure can be described in terms of the combinatorics of the corresponding polytopes. Proposition 3.3. ([8, Section 9.4]) Let X P be a smooth projective toric variety of complex dimension n, and let h (P ) = (h 0 , . . . , h n ) be the h-vector of the associated polytope. Then the Hodge numbers of X P are given by
By Definition 3.1, this can be stated in terms of the χ y -genus as χ p (X P ) = (−1) p h p . In order to make use of the g-theorem (Theorem 2.16), it will be necessary to work with g-vectors rather than h-vectors. The χ y -genus of a smooth projective toric variety can be written in terms of the g-vector of its associated polytope by using g 0 = 1 and
Corollary 3.4. Let X P be a smooth projective toric variety of complex dimension n whose associated polytope has g-vector g (P ) = 1, g 1 , . . . , g ⌊n/2⌋ . Then for p = 0, . . . ,
The Hirzebruch-Riemann-Roch Theorem and the results of [20] can now be used to reveal information about the complex cobordism of a smooth projective toric variety using the g-vector of the associated polytope. -many conditions on the Chern numbers of the corresponding smooth projective toric variety X P . These conditions are
As an example of one of these conditions, consider the fact that g 0 = 1 for any smooth polytope. In this case, Theorem 3.5 gives 1 = g 0 = T 0 n [X P ]. But the constant term T 0 n of the generalized Todd genus is just the usual Todd genus Td [X P ]. Thus the fact that g 0 = 1 for any smooth polytope implies the well-known condition that the Todd genus of any smooth projective toric variety must equal one [17] . The remaining n 2 -many conditions in Theorem 3.5 can be viewed as a generalization of this obstruction. In fact, the theorem provides the maximum amount of information about the complex cobordism of a smooth projective toric variety that can be gleaned from the g-vector of the associated polytope. Combining the obstructions in Theorem 3.5 with the g-theorem gives the following 
Smooth Projective Toric Varieties in Low-Dimensional Cobordism
Unfortunately, the list of obstructions to a complex cobordism class containing a smooth projective toric variety given in Theorem 3.5 is only a complete list in the smallest possible dimensions. For n = 1 and n = 2, |π (n)| = n+2 2
. Thus the g-vector obstructions can be used to completely describe which cobordism classes in Ω This provides necessary conditions for a cobordism class in Ω U 4 to contain a smooth projective toric variety. Since g 1 + 3 is equal to the number of facets of the associated polytope in this dimension, it is straight-forward to construct a smooth 2-polytope with g 1 ∈ {0, 1, 2, . . .}. This gives a clear, concise answer to Question 1.2 for Ω The answer to Question 1.2 is already significantly more complicated in Ω = 2 independent conditions on the Chern numbers of smooth projective toric varieties determined by the g-vector of their associated polytopes. However, a cobordism class in Ω U 6 is given by |π (3)| = 3 Chern numbers, so one of these Chern numbers is independent of the g-vector.
By Theorem 3.5, the relations from the g-vector are 1 = T Part 1 of this theorem is a consequence of Theorem 3.6. More specifically, it follows from (5.1) and from the g-theorem, which states that any g-vector that a simple polytope can possibly have in dimension three must satisfy g 1 ∈ {0, 1, 2, . . .}.
Part 4 tells us that if we choose c 3 [M] to be large enough, then the g-vector becomes the only obstruction to a complex cobordism class containing a smooth projective toric variety.
K-theory Chern numbers and Ω U
6 . In order to determine which combinations of Chern numbers represent cobordism classes containing smooth projective toric varieties, it is first essential to know which combinations of Chern numbers represent complex cobordism classes in general. The Hattori-Stong Theorem (Theorem 2.4) can be applied in this dimension to describe all such combinations of Chern numbers. More specifically, we must consider each of the seven partitions of the nonnegative integers m ≤ 3. We must compute the K-theory Chern number for each partition and determine the conditions that must be met in order for these numbers to all have integer values. Proposition 2.5 is very useful in performing these computations.
For example, for the empty partition, we have 
This gives a second divisibility relation 6c is represented by a smooth projective toric variety, then the gvector of its associated polytope must be (1, 1) according to (5.1). In particular, these are the polytopes that have exactly five facets, two more than the dimension. Kleinschmidt completely classified all smooth projective toric varieties whose associated polytopes have two more facets than the ambient dimension [19] . In order to determine which cobordism The smooth projective toric varieties of complex dimension three whose polytopes have five facets can most easily be described in terms of the associated fans. These fans are given in Figure 1 , where a 1 and a 2 are integers such that 0 ≤ a 1 ≤ a 2 . The maximum-dimensional cones of these fans are obtained by taking the span of all but one of the u k vectors and all but one of the v k vectors. Kleinschmidt proved that any smooth projective toric variety in this dimension whose associated polytope has exactly five facets is isomorphic to one of the varieties X 3 (a 1 ) or X 3 (a 1 , a 2 ) associated to Σ 3 (a 1 ) and Σ 3 (a 1 , a 2 ), respectively [19] . 
and
. Theorem 2.12 can then be used to compute the cohomology classes c 1 (X 3 (a 1 , a 2 ) ) 3 and c 1 (X 3 (a 1 )) 3 in these cohomology rings. Using Proposition 2.11 to evaluate these cohomology classes on the fundamental class of the appropriate variety gives the result. The structure of the fan Σ (a) can be used to compute the integer cohomology ring Lemma 5.5. Let X 1 be a smooth projective toric variety with associated fan Σ X 1 in R 3 . Suppose Σ X 2 is obtained through a regular star subdivision of a maximal cone in Σ X 1 . That is, X 2 is an equivariant blow-up of X 1 at a torus-fixed point. Then the change in complex cobordism is given by c 2 [
Proof. By Proposition 2.25, the change in cobordism only depends on the closed star of the cone that is being subdivided. By applying an appropriate unimodular transformation, we can assume without loss of generality that the cone being subdivided is pos (e 1 , e 2 , e 3 ), where e k is the k th standard basis vector. The closed star of this maximal cone is pos (e 1 , e 2 , e 3 ) itself, so the change in cobordism during an equivariant blow-up at a torus-fixed point is the same for any toric variety. This means that it suffices to compute the change in Chern numbers for just one specific example. 
Smooth Projective Toric Varieties in
The techniques used to answer Question 1.2 in Ω U 6 can be applied to Ω U 8 as well. Unfortunately, the outcome in this dimension is significantly more complicated. In this case, there are |π (4)| = 5 Chern numbers that determine a cobordism class, but only and [20] ). Combining the relations with the g-theorem (Theorem 2.16) gives the following result, which is just Theorem 3.6 applied to n = 4.
does not contain a smooth projective toric variety.
As expected, the g-vector places obstructions on three of the Chern numbers, and the remaining two Chern numbers c Table 1 . Divisibility relations for Chern numbers in Ω U 8 K-theory Chern numbers arising from the partitions of nonnegative integers less than five. According to the Hattori-Stong Theorem (Theorem 2.4), each of these gives a divisibility relation on the Chern numbers of a complex cobordism class in Ω U 8 . For example, consider the empty partition. In this case, s ∅ () = 1, so the corresponding K-theory Chern number is [16, Section 1.7] ). This gives the divisibility relation −c
A similar process can be used to find the divisibility relations resulting from the remaining partitions (see [30, Section 4.4] for details). These are given in Table 1 .The remaining five partitions not listed in the table are partitions of the complex dimension four itself. For these partitions, κ ω [M] is already an integer combination of Chern numbers, so these do not impose any additional divisibility relations. The relations in Table 1 can be combined to give a characterization of all combinations of Chern numbers in Ω are not sufficient conditions for containing smooth projective toric varieties, and a detailed study must be made to describe smooth projective toric varieties in a given cobordism class. Unfortunately, much less is understood about four-dimensional smooth polytopes compared to smooth polyhedra, so only partial results can be obtained in this dimension. First, we will focus on smooth 4-polytopes with g 1 ≤ 2, as these have been completely classified. Proof. This follows from the fact that the only smooth 4-polytope with g 1 = 0 is the 4-simplex, whose associated smooth projective toric variety is CP 4 .
This shows that the conditions of Theorem 6.3 are not sufficient. For example, let (1, g 1 , g 2 ) = (1, 0, 0) and (c Smooth 4-polytopes with g 1 = 1 have also been completely classified. These are the smooth 4-polytopes having exactly six facets, two more than the ambient dimension. The corresponding normal fans to these polytopes were classified by Kleinschmidt [19] , and they are just a generalization of the three-dimensional fans with five facets shown in Figure 1 . More specifically, choose an integer r ∈ {1, 2, 3} and a set of weakly increasing integers 0 ≤ a 1 ≤ . . . ≤ a r . Define U = {u 1 , . . . , u r+1 }, where u k = e k is the standard basis vector for k = 1, . . . , r, and set u r+1 = −1, (r) . . ., −1, 0, . . . , 0 . Also define V = {v 1 , . . . , v n−r+1 }, where v k = e k+r for k = 1, . . . , n − r, and set v n− r+1 = (a 1 , . . . , a r , −1, . . . , −1) . Let Σ 4 (a 1 , . . . , a r ) denote the fan whose generating rays are the six rays in U ∪ V and whose maximal cones are obtained by taking the span of all but one vector from U and all but one vector from V . Kleinschmidt proved that the associated toric varieties X 4 (a 1 , . . . , a r ) are smooth and projective, and he demonstrated that every smooth toric variety in this dimension whose associated fan has six rays is isomorphic to one of these varieties [19] . Thus if a smooth 4-polytope satisfies g 1 = 1, then its associated smooth projective toric variety is isomorphic to one of the X 4 (a 1 , . . . , a r ). 
Remark 6.6. Batyrev gave a similar classification for smooth projective toric varieties whose polytopes have three more facets than the ambient dimension [2] . In dimension four, a polytope has seven facets if and only if g 1 = 2. This means that a cobordism class
that satisfies the conditions of Theorem 6.3 with g 1 = 2 contains a smooth projective toric variety if and only if it equals the cobordism class of one of the varieties classified by Batyrev. Specific conditions on the Chern numbers can be listed for these varieties by computing the Chern numbers for each possible variety classified by Batyrev. However, these conditions are quite complicated, and they do not reveal any surprising structure. One thing that is clear from these computations is that once again, the necessary conditions from Theorem 6.3 are not the only obstructions to a cobordism class containing a smooth projective toric variety.
For g 1 ∈ {0, 1, 2}, the description of which cobordism classes contain smooth projective toric varieties is quite complicated, and it depends on much more than the g-vector. However, as this g-vector grows larger in some sense, there is more freedom on the geometry of the corresponding smooth 4-polytopes. In particular, for a certain infinite set of g-vectors in this dimension, the g-vector does provide the only obstructions to a cobordism class containing a smooth projective toric variety. Proof. This theorem will be proven using a technique similar to that of part 4 of Theorem 5.1. First, an explicit construction will be used to show that the conditions of Theorem 6.3 are sufficient for the g-vector (1, 3, 2) . Next, a sequence of blow-ups will be used to obtain smooth projective toric varieties corresponding to the other possible g-vectors.
First, we must describe a collection of smooth projective toric varieties to account for all possible cobordism classes corresponding to the g-vector (1, 3, 2) . These can most easily be described in terms of the corresponding fans. Choose two integers a and b, and consider the fan ∆ (a, b) whose generating rays are depicted in Figure 3 . This fan is the join of two The simplicial structure of ∆ (a, b) can be determined by tracking the maximal cones through each subdivision. In particular, the Stanley-Reisner ideal for this fan is four-dimensional cones and also star divisions of three-dimensional cones. The change in gvector of the corresponding polytope during these star divisions is described in Propositions 2.23 and 2.24. In this dimension, if a polytope has g-vector (1, g 1 , g 2 ), then taking a star division of a maximal cone of its normal fan produces a fan that is normal to a polytope with g-vector (1, g 1 + 1, g 2 ). On the other hand, taking a star division of a three-dimensional cone changes the g-vector to (1, g 1 + 1, g 2 + 1). This means that any g-vector that satisfies 2 ≤ g 2 ≤ g 1 − 1 can be obtained by a smooth polytope through a sequence of truncations applied to a smooth polytope with g-vector (1, 3, 2) .
Consider an arbitrary g-vector (1, g 1 , g 2 ) such that 2 ≤ g 2 ≤ g 1 − 1. Starting with the fans ∆ (a, b), fix a sequence of regular star subdivisions that will produce a fan normal to a polytope with g-vector (1, g 1 , g 2 ). Choose these star subdivisions so that any cone in the closed star of the ray v 2 is never subdivided. By Proposition 2.25, the change in cobordism during this sequence of subdivisions does not depend on the values of a and b. In other words, the values of c for g-vector (1, 3, 2), applying this sequence of subdivisions allows us to obtain a smooth projective toric variety in every cobordism class with g-vector (1, g 1 , g 2 ).
The g-vectors for which the conditions in Theorem 6.3 are also sufficient are displayed in Figure 4 . The lattice points correspond to all possible g-vectors for simple 4-polytopes (using the g-theorem), and the shaded area gives the g-vectors described in Theorem 6.7.
There are still many g-vectors for which the answer to Question 1.2 is open in Ω U 8 . A more complete classification of smooth 4-polytopes could help to determine what happens for the remaining g-vectors. Unfortunately, very little is known regarding this classification. It is not even known which g-vectors correspond to smooth polytopes. The g-theorem describes all g-vectors of simple polytopes, and this gives necessary conditions for the g-vectors of smooth polytopes since smooth polytopes are also simple. However, not every such g-vector actually corresponds to a smooth polytope. For example, consider the smooth 4-polytopes with g 1 = 2 (i.e. with seven facets) that were classified by Batyrev [2] . It is easy to compute the g-vector of each of these smooth polytopes. The only possible values for g 2 are 0, 1, and 2. This means that although there is a simple 4-polytope with g-vector (1, 2, 3), there is no smooth 4-polytope with this g-vector. A refinement of the g-theorem for smooth 4-polytopes could improve Theorem 6.3 by providing more stringent necessity conditions.
Closing Remarks
It seems reasonable to expect that Hirzebruch's Question regarding which complex cobordism classes contain connected smooth algebraic varieties would be greatly simplified by only considering smooth projective toric varieties. Even when this is done, the results are quite complicated. A complete answer to Question 1.2 has only been given up to complex dimension three. The same techniques that produce partial results in complex dimension four quickly become too cumbersome as dimension increases further. In an arbitrary dimension n, the g-theorem for simple polytopes and the combinatorial obstructions of Theorem 3.5 provide obstructions to n+2 2 -many of the Chern numbers of cobordism classes containing smooth projective toric varieties. Unfortunately, the total number |π (n)| of Chern numbers needed to describe complex cobordism classes in Ω U 2n increases much more quickly than this number of obstructions. As dimension increases, the combinatorial structure of smooth projective toric varieties seems to have an ever diminishing influence on complex cobordism.
It is also impractical to explicitly describe all possible combinations of Chern numbers in higher dimensions using the Hattori-Stong Theorem as it was done up to complex dimension four. Perhaps studying g-vectors and Chern numbers may not be the best way to approach Question 1.2. It may be worthwhile to search for other invariants of polytopes or cobordism classes that give a more complete answer.
There are also several ways in which the partial results for Question 1.2 could possibly be refined or extended. In both complex dimensions three and four, there is a collection of g-vectors for which the only obstructions to a cobordism class containing a smooth projective toric variety are the combinatorial obstructions from Theorem 3.5. These g-vectors allow enough geometric freedom to construct a large collection of smooth polytopes which correspond to smooth projective toric varieties in any potential cobordism class. For higher dimensions, it would be interesting to see if a similar asymptotic result holds. Does the amount of geometric freedom for certain g-vectors increase quickly enough compared to the rapid increase in how many Chern numbers are independent of the g-vector?
Question 7.1. Given an arbitrary complex dimension n, is there a collection of g-vectors such that the only obstructions to a cobordism class [M] ∈ Ω U 2n containing a smooth projective toric variety are the combinatorial obstructions given in Theorem 3.5?
Since there is a bijective correspondence between smooth projective toric varieties and smooth polytopes, another way of approaching Question 1.2 is to determine a more complete classification of smooth polytopes. For example, all smooth n-dimensional polytopes with g 1 ∈ {0, 1, 2} have been completely classified. The only polytope with g 1 = 0 is the nsimplex, and those with g 1 = 1 and g 1 = 2 were classified by Kleinschmidt [19] and Batyrev [2] , respectively. Thus it is known which cobordism classes that satisfy Theorem 3.5 with g 1 ∈ {0, 1, 2} contain smooth projective toric varieties. A more complete classification of smooth polytopes could lead to more results of this type.
As a start to this classification, it would be useful to know all g-vectors that correspond to smooth polytopes. Since all smooth polytopes are simple, the restrictions in the g-theorem are necessary but not sufficient. Question 7.2. Which vectors can be obtained as g-vectors for smooth polytopes?
Answering this question would immediately allow us to improve Theorems 3.5 and 3.6 with more stringent conditions.
